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Abstract

There are several mathematical models that describe the relationship 
between the number of species and the number of individuals per 
species. This article aimed to verify whether the Pareto mathematical 
model could be applied to ecological data regarding species and their 
abundance. The Pareto model has proven to be a valid descriptor of 
the relationship between species and the number of individuals per 
species, managing to measure the level of equality and/or dominance 
of the same. The Pareto model, therefore, is a candidate to be a valid 
aid for community ecologists in describing species diversity. In this 
paper, using a dataset taken from scientific literature I set out to verify 
the application of the Pareto model to the study of the relationship 
between species and abundance, with the ultimate aim of suggesting 
this method as an addition to those traditionally used.
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Riassunto

Esistono diversi modelli matematici che descrivono la relazione tra il 
numero di specie e il numero di individui per specie. Questo articolo 
mirava a verificare se il modello matematico di Pareto potesse essere 
applicato ai dati ecologici relativi alle specie e alla loro abbondanza. Il 
modello di Pareto si è dimostrato un valido descrittore della relazione 
tra le specie e il numero di individui per specie, riuscendo a misura-
re il livello di uguaglianza e/o dominanza delle stesse. Il modello di 
Pareto, quindi, è un valido aiuto per gli ecologi delle comunità nella 
descrizione della diversità delle specie. In questo articolo, utilizzando 
un set di dati tratto dalla letteratura scientifica, ho cercato di verifica-
re l’applicazione del modello di Pareto allo studio della relazione tra 
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specie e abbondanza, con l’obiettivo finale di 
suggerire questo metodo come integrazione 
a quelli tradizionalmente utilizzati.

Parole chiave: Specie, Biodiversità, Pareto, 
Alfa, Modelli.

Introduction 

In no natural community do all species have 
the same number of individuals, the observed 
pattern is always that of finding few species 
with many individuals and many species with 
few individuals (Magurran, 1988). This regu-
larity in the relationship between species and 
their abundances has prompted the develop-
ment of mathematical models that describe 
this relationship (Magurran, 1988). Mathe-
matical models that relate the number of spe-
cies to the number of individuals per species 
represent the most complete mathematical 
description of the data (Magurran, 1988). 
Currently, the mathematical models that de-
scribe the relationship between the number 
of species and the number of individuals for 
each species are mainly four: the Log-Normal 
series, the Geometric Series, the Logarithmic 
Series, the Broken Stick (Magurran, 1988; 
Krebs, 1999; Southwood & Henderson, 2000).
The Italian economist Vilfredo Pareto (1848-
1923) devoted much time to the study of 
personal income inequality, in particular the 
observations suggested to Pareto the formu-
lation of a universal law of income distribu-
tion, expressed in a hyperbolic mathematical 
model (Guarini & Tassinari, 1990). The Pareto 
distribution highlights how low incomes af-
fect a greater number of people, compared 
to high incomes, which instead affect a mi-
nority of people. Furthermore, the parameter 
a present in the Pareto mathematical model, 
represents a real index of income concentra-
tion widely used in economics (Fraire & Rizzi, 
2005).
If we consider the monetary income per per-

son as equal to the number of individuals per 
species, and the income earners as the spe-
cies, it is possible to adapt the Pareto model 
to ecological data regarding the relationship 
between the number of species and the num-
ber of individuals per species, furthermore 
the parameter a also allows us to quantify the 
level of concentration, or dominance, of the 
species in the community.
This work aims to apply the Pareto model for 
analyzing the relationship between the num-
ber of individuals per species and the num-
ber of species within Vertebrates using a data 
set reported in Magurran (1988). This work 
highlights that Pareto model can represent a 
useful analysis tool that integrates other math-
ematical models and indices such as Log-Nor-
mal series, the Geometric Series, the Logarith-
mic Series, the Broken Stick (Magurran, 1988; 
Krebs, 1999; Southwood & Henderson, 2000),  
so far used for studying the relationship be-
tween the number of individuals per species 
and the number of species. 

Materials and methods

The Pareto mathematical model arises from 
the observation that the logarithm of the 
number of people is in inverse linear relation 
with the logarithm of income (Guarini & Tassi-
nari, 1990); given N(x) the number of income 
earners and x the income, the relation is:

[1]      log N(x) = log(K) – a log x  

the ordinate at the origin is the log(K) while 
the slope is represented by the constant a. 
From [1] we obtain the Pareto law:

[2]       N(x) = K / (x^a) 

defined for values ​​of x included in the inter-
val h and +∞ with h corresponding to the in-
itial level of the empirical distribution, with 
h > 0; K > 0 and a > 0 (Guarini & Tassinari, 
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1990). The value of h for the application that 
propose is equal to 1, a single individual per 
species. The constant a, the slope of the line, 
is used as an index of income concentra-
tion, with respect to income earners (Fraire 
& Rizzi, 2005). The parameter a is connected 
to the shape of the curve and is interpreted 
as a descriptive and direct index of the ine-
quality of the distribution, in the sense that it 
increases as the inequality (concentration) of 
income increases (Guarini & Tassinari, 1990). 
The minimum value of the slope is 0 in this 
limiting case N(x) = K, which represents per-
fect equal distribution of individuals across 
species. The maximum value of the slope, on 
the other hand, is undefined, because the 

tangent of an angle grows to infinity. Table 
1 reports the data on which the Pareto mod-
el was applied, taken from Magurran (1988). 
Thirty-five species of birds are represented 
with their respective abundances resulting 
from reserache carried out in three differnt 
locations. For each series of data referring 
to a location, a distribution of the number of 
species for the equally large classes of indi-
viduals was first constructed. Once the dis-
tribution of species-abundance classes was 
obtained, for each class its central value was 
considered, so as to obtain an ordered se-
ries of points in a Cartesian plane. This op-
eration was necessary in order to estimate 
the parameters of the model [1], in fact with 
these series of points by applying the ordi-
nary least squares (OLS) estimation method 
regressing the log of the number of species 
on the log of the abundances of individual 
species, it was possible to obtain the value of 
Log(K) and a for each of the three locations. 
The logarithms used are the Neperian ones. 
Once Log(K) was obtained, it was possible 
to easily obtain K = Exp[Log(K)], while for a 
the negative sign was not considered. With 
the obtained parameters K and a, the model 
[2] was applied to the real data, always using 
the central value of the class for the variable 
x, in order to obtain the theoretical values ​​to 
be compared with the observed values. Fi-
nally, to evaluate the goodness of the adap-
tation of the real data to the theoretical data 
predicted by the model, the non-parametric 
adaptation test for a theoretical distribution 
of Kolgomorov-Smirnov was used (Siegel & 
Castellan, 1988).

Results

Location of hidden glen is given in Fig. 1; the 
value of K = 33,87 and a = 0,77 , the value of 
the fit statistic D = 0,041 n.s. the theoretical 
model fits the real data. Location of wild wood 
is given in Fig. 2; the value of K = 29,13 and 

Table 1. Bird species abundance in remote European 
woodlands (from Magurran, 1988).
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a = 0,75 , the value of the fit statistic D = 0,13 
n.s. the theoretical model fits the real data. Lo-
cation of lonely pines is given in Fig. 3; the val-
ue of K = 63,78 and a = 1,26 , the value of the 
fit statistic D = 0,069 n.s. the theoretical model 
fits the real data. The value of a for the Lonely 
Pines locality is higher than the value of a for 
the other two localities, and this is also clearly 
highlighted by the graph, therefore the level 
of concertation of individuals per species in 
the Lonely Pines locality is higher than that 
of the other localities. The two locations Wild 
Wood and Hidden Glen have an equal value 
of a and consequently an equal diversity of 
species. The value for K and a all three exam-
ined localities is reported in Table 2.

Discussion

To the best of my knowledge, this work rep-
resents one of the first study that applies the 
Pareto Model for analyzing the relationships 
between the number of species and the num-
ber of individuals per species in vertebrates. 
In fact, this relationship is generally addressed 
using many other models such as those pre-
viously  mentioned (Magurran, 1988; Krebs, 
1999; Southwood & Henderson, 2000), or 
more recent models obtained using ad hoc 
algorithms (Yingnan et al. 2025; Chave, 2024; 
Moradi et al. 2025).
In general, species diversity measures take 
into account two quantities: the number of 
species and the number of individuals per 
species, the latter also known as evenness or 
equitability, furthermore the greater the reg-
ularity of the number of individuals for each 
species, the greater the diversity of a commu-

Table 2. Parameters estimated using. Pareto model: For 
details see text

Figure 1. Hidden glenn, observed values ​​and theoretical 
values ​​of the number of species  per abundance class.

Figure 2. Wild wood, observed values ​​and theoretical 
values ​​of the number of species  per abundance class.

Figure 3. Lonely Pines, observed values ​​and theoretical 
values ​​of the number of species  per abundance class.
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nity (Magurran, 1988). Mathematical models 
that describe the relationship between the 
number of species and the number of indi-
viduals per species are able to highlight when 
there is a situation of concentration or equi-
distribution of individuals in species, and fur-
thermore if a single diversity index is needed, 
a parameter of an appropriate species-abun-
dance distribution can be used (Magurran, 
1988). The Pareto model, born to measure 
and describe the concentration/inequality of 
income for human societies (Guarini & Tassi-
nari, 1990), has adapted well to data regard-
ing the biodiversity of bird species, and this 
is because the principle on which the Pareto 
model is based is universal. Furthermore, the 
parameter  a of the Pareto model, which is a 
direct descriptive index of the inequality of 
distribution (Guarini & Tassinari, 1990), has 
highlighted how among the three locations 
examined there is a difference in the diver-
sity of species with a better evenness in the 
locations of Wild Wood and Hidden and a 
worse diversity in the location of Lonely Pines. 
A greater concentration of individuals in a 
few species means less diversity and greater 
dominance of a few species, when one or a 
few species are prevalent within the commu-
nity, these organisms are therefore defined 
(taxa) dominant; dominance is the opposite 
of diversity (Smith & Smith, 2006).
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